We examine the validity of the pn quasiparticle RPA (pn@RPA) as a model for calculating P+ and 2vPP Gamow-Teller decays by making a comparison of the pnQRPA with a large-basis shellmodel calculation within the Of lp she11. We employ A=46 nuclei (those with six valence nucleons) for this comparison. Our comparison includes the decay matrix elements summed over final states, the strength distributions, and, for the first time, the coherent transition matrix elements (CTME). The pnQRPA overestimates the total P+ and 2vPP matrix elements. There are large difFerences in the shape of the spectra as well as in the CTME between the pn@RPA and shell-model results. 
I. INTHODUGTION
The beta (P) decay process was one of the first types of radioactivity to be observed and still provides new valuable insight into weak interactions and nuclear structure [1, 2] . Nuclear double-beta (PP) decay phenomena is a rare transition between two nuclei of the same mass number having a change of two units of nuclear charge. In cases of interest, ordinary single beta decay is forbidden because of energy conservation or because of very strong suppression due to a large angular momentum mismatch between the parent and daughter states. There are two modes of double-beta decay [3 -6] The first one is called two-neutrino (2v) PP decay, which involves the emission of two antineutrinos and two electrons (2v mode), it occurs in second order in the standard weak interaction theory. Another is called neutrinoless (Ov) PP decay, which involves the emission of two electrons and no neutrinos. This process violates the lepton number conservation and requires the neutrino to be a Majorana particle and have a nonzero mass and/or a nonstandard right-hand coupling [3 -6] . It occurs in some theories beyond the standard weak interaction model [3] [4] [5] [6] . The 2vPP decay has been observed in recent experiments [7 -10] , but the OvPP decay has not yet been observed.
There are two important nuclear models which have been applied to the study of P and PP decays, the shell model and the proton-neutron quasiparticle random phase approximation (pnQRPA). Present shell-model theory, namely, the large-basis shell model [11] that the nuclear structure properties are determined by the valence nucleons which simultaneously occupy several diferent, partially filled, single-particle states. Thus the large-basis shell-model calculation takes into account many multinucleon configurations.
Many experimental data for light nuclei (A &40) can be successfully explained and even predicted by the large-basis shell-model calculations [1, 11] . However, the dimension of the Hamiltonian matrix increases rapidly when the single-particle basis increases and the large-basis shell model calculation becomes computationally impractical for most cases of interest with A ) 60.
The pnQRPA was introduced by Halbeib and Sorensen [12] and further developed by Cha [13] . In this model, the excitations are constructed by acting twoquasiparticles creation and destruction operators on a ground state which is given by the BCS. The dimensions involved in the pnQRPA are relatively small so that it can be employed to study the P and PP decays in all nuclei. In recent years, the pnQRPA has been used to calculate the Gamow-Teller transition strength in P and PP in light and heavy nuclei [14 -20] . Several authors have investigated the particle-particle interaction term which was reintroduced by Cha [13] , and found that the P+ transition matrix elements and the 2vPP decay matrix elements are sensitive to this term [13, 15] . The total Gamow-Teller transitions strength and the 2vPP decay matrix elements are suppressed when the strength of the particle-particle interaction is increased [15 -21] . Lauritzen [21] for several 1sOd shell nuclei: Brown and Zhao [22] for Mg, Civitarese et al. [23] for zsMg, and Auerbach et al. [24] [26] or the nearly full-basis calculation [27] for the experimentally interesting case of Ca PP decay. However 
where h~= E -E0.
In order to obtain the pnQRPA equation, the phonon creation operators in the angular momentum coupled representation are written as [12, 13, 21] 
where ct~"& is the quasiproton (quasineutron) ere-@ A~m ation operator. The labels p/n stand for (nlj) for the proton/neutron single-particle states. In terms of the spherical shell-model states, the particle and quasiparticle creation and destruction operators are related by the Bogoliubov transformation, e. g. , for proton c"-u"a"+(-) e"a", +17l (8) where u"+ v"= 1, and a~i s the proton creation operator for the single-particle state. v2 turns out to be the proton occupation probability. 
The matrix elements A and B are explicitly given by [12, 13, 15, 21] We start with the equation of motion [28, 29] , where the excited eigenstates lm) are constructed from the phonon creation operator Q~t which is defined by lm) = Qt l0), and Q l0) = 0, for all m where lm) and l0) are the excited eigenstates and the physical ground state. They satisfy the Schrodinger equation, Hlm) = E lm) and HlO) = Eal0). 
= (E"+E")6""b'""+(H, ", ") "'"", ",, 
B. BCS equations (21) ( I)i&+i +i"+i
In order to discuss the results as a function of the strength associated with each part of the interaction, the multiplicative factors gpss and g» are conventionally introduced for the particle-particle and particle-hole, respec- In the BCS approximation, the quasiproton energies E", occupation probabilities vp, and pairing gaps Ap are given by [30] E"= (sp -A )2+6~, (
2jp' +~J =O 2jp + 1 u"v"V""="", where A~is the proton Fermi energy, e'p is the single proton energy and V» &~"l is the proton two-body interaction. The above equations are solved with the constraint for the total proton number = ) (2j"+ 1)v", (25) to determine the constant A . A similar set of the equations is solved for neutrons. The single proton energies zp are related to the bare single-particle proton energies s"at the closed shell by addition of the rearrangement terms I'& (GT ) =) (pllolln)(X" upv"+Y""vpu ), (18) M-«T') = -) . &pllolln)(~"";~. + &""~p~. ).
where (26) M (GT) = ). (&Ilolln)OBTD(J»n m, i)QRpA, (20) where the OBTD(p, n, m, i)qRpA is a one-body transition density.
The Gamow-Teller matrix elements summed
The above equations for M (GT) in the pnQRPA can be rewritten as,
The Erst term refers to like particle correction and the second term to unlike particle correction. The rearrangement term for s"has the same form but with the p/n indices interchanged. The BCS Eqs. (22) - (25) plus the rearrangement terms can be solved iteratively.
We note that the input ingredients in the BCS IEqs. (9) - (14) ] and the pn@RPA [Eqs. (22) - (27) ], in our formalism, are consistent with those in the shell model, namely, the bare single particle energies e at the closed shell and two-body interaction matrix elements V, I, &. The Coulomb shift is taken into account in both s(ell model and pn@RPA in our comparison [31] .
C. B(GT) in shell-model calculations
The shell model wave function IJ ) and IJ, ) as well as OBTD(p, n, m, i)sM are calculated with the oxBAsH shell-model code [32] . The proton (neutron) occupation probabilities in the shell model are given by
For the Gamow-Teller transitions in our example, we have IJ ) = ll+), IJ, ") = IO, +) and 6J = 1.
In the shell-model calculation, the Gamow-Teller strength is equal to the product of one-body transition density and single particle matrix element [1] , and the matrix element M in Eq. (17) 
where M~(GT) is given by Eq. (17) . The OBTD is given by Eqs. (29) and (20) for the shell model and the pnQRPA, respectively. Also the coherent transition matrix element (CTME) is defined by CTME(p, n, i) = (pllolln)COBTD(p, n, i). (32) The COBTD and CTME are a function of the singleparticle state components.
All final states (m) are summed up in Eq. (31) . The relation between the total B(GT) and the CTME is given by 2 ) CTME(p, n, i) = ) B(GT).
E. Formalism of 2vPP decay
In the shell-model calculations, the (intermediate state) energy dependent matrix element is defined by where EI, are the excitation energies of the intermediate
In the Appendix, we will discuss the derivation of the CTME. The CTME are very useful for observing the microscopic structure of the total (coherent) Gamow-Teller strength which is dependent only upon the structure of the initial state, and this is the first work in which the CTME from the pn@RPA and large-basis shell model are In the pnQRPA calculations, the PP formulas become more complicated because the summation in Eqs. (34) and (35) The results are similar to those discussed above.
C. Sensitivity to the particle-particle interaction Since the B(GT+) strength and 2vPP decay matrix elements BCLs and MGT are more sensitive to g» than to g"h, , we will set g"h, = 1 and discuss the dependence on g». In Fig. 5 , the B(GT+) spectra with various g""values are presented. We find the pnQRPA results are very sensitive to g"", in agreement with the previous conclusions [13, 15, 21] . The total shell-model B(GT+) is reproduced by the pnQRPA with g""= 1.4 with respect to various g» values. The particle-particle interaction suppresses the total matrix elements in agreement with previous studies [16 -19] . If the particleparticle channel is shut off (g» --0), the cancellation of Bgi,s(E ) between the low-and high-lying excitations disappears. However, the cancellation emerges and becomes stronger as g"" is increased.
IV. PHENOMENOLOGICAL IMPROVEMENTS OF pnQRPA
We now investigate various ways to understand and then improve the agreement between the pnQRPA and the large-basis shell model. P+ Gamow-Teller decay only go to the excitations with T =2. In the shell model, the excited states with various T are, of course, independent. However, in the pnQRPA, the energy spectra of the I+~states in both P and P+ are exactly the same. The P and P+ Gamow-Teller strengths are diferent due to the various combination of the Ã and Y amplitudes [Eqs. (18) and (19) where the projection factor (J, IJ~) is given by Eq.
(36). The running sum B(GT, E~) for the redefined M~(GT+) is shown in Fig. 8 . We find that the shape of the B(GT+) strength distribution is now in much better agreement with the shell model. The CTME given Table III do not change significantly.
Another empirical improvement might be achieved by using some shell-model quasiparticle energies and/or occupation probabilities in the pnQRPA. These types of the modified models are called "hybrid" pnQRPA. But comparing to the shape of the spectrum of the pnQRPA with g""= 1.4 in Fig. 1 , the "hybrid" pnQRPA with the shell-model parameters (the dotdashed line in Fig. 9 ) still keeps a reasonable shape. In the "hybrid" pnQRPA, the position of the 1+ state almost remains the same; i.e. , it still differs by 6 MeV from the shell-model calculation.
The CTME values of the "hybrid" pnQRPA are presented in columns B, C, and D of Table I and Table II. In Fig. 10 , the solid line is from the shell model, the dashed line is from using the shell-model quasiparticle energies in the pnQRPA, the dotted line from using the shell-model occupation numbers, and the dash-dotted line from using shell-model quasiparticle and occupation In Sec. II, the BCS and pnQRPA have been developed. The input ingredients in the BCS and pnQRPA are the same as those in the shell model, namely, the bare single-particle energies at the closed shell and twobody interaction matrix elements. Therefore there is no free parameter for both models in our comparison. The coherent transition matrix elements (CTME) are introduced for analysis of the single-particle state contributions in P decay. In Sec. III, we have investigated the accuracy of the pnQRPA approach to P and PP decays.
Comparisons of the pnQRPA and large-basis shell-model calculations for nuclei 
APPENDIX
In this Appendix, we will introduce and discuss the coherent one-body transition density and coherent transition matrix element. In the second-quantization formalism, the one-body operator can be expressed by The COBTD and CTME are a function of the singleparticle state and initial state. It represents the singleparticle state effects in the total transition strength and depends only on the structure of the initial state.
